We study the dihadron fragmentation functions (DiFF) of longitudinally polarized quarks into pion pairs. The quark-jet framework is used to model the sequential hadronization of a polarized quark into hadrons, where the polarization transfer to the remnant quark in each hadron emission step is calculated using the spin density matrix formalism. Using Monte Carlo (MC) simulations of the hadronization process, we find a nonvanishing helicity dependent DiFF, G ⊥ 1 , which is also related to the longitudinal jet handedness. A method is developed for extracting the angular moments of this DiFF, which enter the expressions for the azimuthal asymmetries for an electron-positron annihilation process into two pairs of hadrons from back-to-back jets and the dihadron production in semi-inclusive deep inelastic scattering. Finally, we derive explicit integral expressions for DiFFs where only two hadrons are emitted by a quark and use them to validate our MC results for both unpolarized and helicity dependent DiFFs.
I. INTRODUCTION
In recent years a great deal of attention has been paid to the study of the spin structure of the nucleon using deep inelastic, semi-inclusive hadron production (SIDIS) with two measured, unpolarized final state hadrons [1] [2] [3] . It was shown in Refs. [4] [5] [6] [7] that this process allows one to directly extract the collinear transversity parton distribution functions (PDF) from a specific azimuthal single spin asymmetry (SSA), where it is multiplied by the socalled interference DiFF (IFF) H 1 . At the same time, the two-hadron SIDIS cross section on a longitudinally polarized nucleon also gives access to the helicity PDF, which in this case is convoluted with the helicity dependent DiFF G ⊥ 1 . The latter is interesting both because it has no analogue in the single unpolarized hadron production case and because it is related to the long-predicted quantity of longitudinal jet handedness [8] . Both H 1 and G ⊥ 1 are T-odd and can be extracted from the azimuthal modulations in two hadron pair production process from back to back jets in e + e − annihilation [9] . The measurements from the BELLE experiment [10] yielded significant results for the asymmetry involving IFF H 1 , that were used in Refs. [11, 12] to fit parametrizations of H 1 . Recently the BELLE experiment produced preliminary results on SSA sensitive to G ⊥ 1 , showing no signal within the experimental uncertainties [13, 14] . Similarly, the recent results from the COMPASS experiment [15] also * ORCID: http://orcid.org/0000-0002-4074-7411 † ORCID: http://orcid.org/0000-0001-8326-3284 ‡ ORCID: http://orcid.org/0000-0003-0026-499X
showed no significant signal for SIDIS asymmetry that involve helicity dependent DiFF.
The DiFFs have been already studied in the quarkjet model, both for the case of an unpolarized [16, 17] and transversely polarized quark [18] . In the first studies the simplistic treatment of the polarization transfer during the quark hadronization nevertheless created unphysical modulations that had to be circumvented using additional assumptions. However, more recently the quarkjet hadronization framework has been developed to selfconsistently describe the hadronization of a quark [19] with any polarization, where the polarization transfer from the fragmenting to the remnant quark in each hadron emission step has been calculated using the complete set of twist-two transverse momentum dependent (TMD) quark-to-quark splitting functions. Moreover, MC implementation of the polarized quark hadronization based on this framework was developed and implemented in Ref. [20] , and both the unpolarized and the Collins fragmentation functions of pions produced in the hadronization of a light quark were computed. The input elementary quark-to-quark splitting functions (SF) used in that work were derived using Nambu-Jona-Lasinio (NJL) effective theory of quark interactions [21, 22] .
In this work, we use this MC implementation of the quark-jet model to study the dihadron correlations in the hadronization of a quark with nonzero longitudinal polarization. We aim to calculate the relative size of the helicity dependent DiFF compared to the unpolarized DiFF for pion pairs. Further, we derive integral expressions for both these DiFFs in the case where only two hadrons are emitted by the quark in order to validate our MC results using an alternate method. Finally, these derived integral expressions will elucidate the mechanism for generating the dihadron correlations encoded by G ⊥ 1 . These results are independent of the transverse polarization component of the quark. This paper is organized in the following way. In the next section we briefly review the formalism for DiFFs. In Sec. III we briefly describe the details of the MC simulations and the newly developed method for extracting G ⊥ 1 . We also present the results for the simulations with different numbers of hadrons produced by the fragmenting quark. In Sec. IV we validate the MC results against integral expressions for the unpolarized and helicity dependent DiFFs derived for two-step hadronization process. In that section we also discuss the dynamical mechanism for generating helicity dependent two-hadron correlations. We present our conclusions in Sec. V.
II. FORMALISM OF THE DIFFS
In this section we briefly review the kinematics and the formal definitions of the DiFFs, following Refs. [4] [5] [6] [7] 9] . The kinematics of dihadron fragmentation is described by the momentum k of the initial quark q with mass m fragmenting into two hadrons h 1 , h 2 with momenta P 1 , P 2 and masses M 1 , M 2 . We define the lightcone components of a 4-vector a as a
(a 0 ± a 3 ). The light-cone momentum fractions of the two hadrons are then defined as z i = P + i /k + . The total P and the relative R momenta are defined as
and the relevant light-cone momentum fractions are
The two most common coordinate systems used in describing DiFFs are the so-called ⊥ and T systems depicted in Figs. 1 (a) and (b), respectively. We denote the components of a 3-vector a, perpendicular to theẑ and z axes in these two systems, as a ⊥ and a T .
We can relate the ⊥ and T components of vectors in the two systems by considering a Lorentz transformation, which preserves the light-cone momentum fractions and results in quark acquiring transverse momentum k T in the T system. The corresponding transformation matrix reads [23] FIG. 1. Common frames used in defining DiFFs: (a) the ⊥ system where the fragmenting quark's 3-momentum k is along theẑ axis (b) the T system where the total 3-momentum of hadrons P is along theẑ axis.
where µ, ν ∈ {+, −, 1, 2}. Then one easily finds
The relations for the total and relative transverse momenta of the hadron pair imply that:
The formal definition of DiFFS is given using the socalled quark-quark correlator in the T system [4, 6, 9] ∆ ij (k; P 1 , P 2 ) (10)
In particular, the DiFFs are defined via projections of the quark-quark correlator, defined for a Dirac operator Γ as
The expressions for all four leading order DiFFs of a polarized quark into an unpolarized hadron pair are 
while for the transverse polarization-dependent DiFFs
where ϕ R is the azimuthal angle of vector R T and the invariant mass of the hadron pair M h is employed to replace |R T | in the integrand using the relation
The unintegrated DiFFs in Eqs. (12)- (14) are even functions of the relative azimuthal angle ϕ RK ≡ ϕ R − ϕ k between the vectors k T and R T , since they only depend on the scalar product (k T · R T ). Thus, in general their Fourier decomposition in angle ϕ RK would involve only cosine moments. We define the n-th Fourier cosine moment of G ⊥ 1 in expansion withe respect to ϕ RK as
We note that in e + e − annihilation cross section contains only the first moment of this decomposition, shown in Eq. (16) . On the other hand, the F
structure function (see, e.g. Eq. (B3) in Ref. [4] ) in SIDIS cross section can in general be decomposed into infinite Fourier series with respect to cos(ϕ h − ϕ R ). In turn, these moments can be expressed as convolutions of helicity PDF and combinations of Fourier cosine moments of G
. A similar approach using decomposition in terms of spherical harmonic with azimuthal angle ϕ RK has been presented in Ref. [24] . Naturally, the Fourier cosine moments we use here can be related to these spherical harmonics, as they both encode the same initial functions.
III. MONTE CARLO SIMULATIONS
A. Extracting DiFFs from polarization-dependent number densities
In this subsection we describe the method developed for extracting the DiFFs using MC approach. Within this approach we calculate various number densities by averaging over a large number of MC simulations of the quark hadronization process. These number densities can be expressed in terms of the corresponding fragmentation functions, allowing us to extract them from these number densities using the corresponding azimuthal modulations. In the case of production of two unpolarized hadrons by a longitudinally polarized quark, the relevant number density, according to Eqs. (12) and (13), can be expressed as
This can also be expressed in terms of the azimuthal angles ϕ k and ϕ R of the vectors k T and R T
The unpolarized and helicity dependent DiFFs of Eqs. (15, 16) then can be extracted from the number density
In this work we concentrate on calculating M 2 h integrated DiFFs, which are defined as
The corresponding expressions in terms of the number density are
Finally, throughout this work we will use the definitioñ
to simplify the notation.
B. The quark-jet model simulations
In this subsection we describe the quark-jet MC simulation framework, used in the current study of the DiFFs, which has been developed over recent years [16-18, 20, 25, 26] . We use the most recent evolution of the quark-jet framework, as detailed in Refs. [19, 20] to model the hadronization of a quark with a longitudinal polarization. The schematic depiction of the framework in Fig. 2 displays the sequential emission of hadrons h 1 , h 2 , etc., where the polarization of the remnant quark after each emission is determined by the corresponding spin density matrix. We choose a pre-determined number of hadron emissions, N L , for terminating each hadronization chain and use MC to calculate the number densities for different hadron pairs. The input quark-to-quark SFs are calculated using the Nambu-Jona-Lasinio (NJL) effective quark interaction model [21, 22] . The details of the model calculations and parameters are described in detail in Ref. [20] . In this work, we forgo the QCD evolution of the DiFFs [27] we computed using the low-energy NJL effective model input. The evolution would be necessary for accurate direct comparisons with the experimental results obtained at various large energy scales. We performed such studies in our previous work for the unpolarized DiFFs calculated within the same model in Ref. [16] , showing that the QCD evolution shifts the shape of the DiFFs towards lower z region. To mimic such effects for the qualitative comparisons made in this article, we use the ansatz with all the input SFs multiplied by a factor of (1 − z) 4 . It is worth noting, that the particular choice of the input SFs does not affect the qualitative features of the computed DiFFs. Rather, the dominant aspects are the transverse momentum and spin transfer mechanisms within the quark-jet framework. All the results shown in this work are obtained by setting s L = 1, and s T = 0.
Our first task is to test the method of extracting the DiFFs described in Sec. III A, considering π + π − pairs produced with the smallest possible value of N L = 2. For this purpose, in Fig. 3 we show,using a black solid line, the ϕ RK dependence of the function F from Eq. (23), integrating over all the other variables. It obviously is not an even function of ϕ RK , indicating a nonzero term associated with G The MC results for the longitudinal spin correlations in π + π − pairs for a hadronization of a u quark with NL = 2. The horizontal axis represents the azimuthal angle ϕRK , while the vertical axis represents the magnitudes of the zintegrated number densities and their modulations. The black solid curve depicts the total number density F , the red dashed and orange dash-dotted curves represent the even (FE) and odd (FO) parts of F with respect to ϕRK , and the blue dotted curve is the FO multiplied by cot(ϕRK ). expanding set of final particles. It is also remarkable to see a nonvanishing signal forG ⊥ 1 (z), which gets smaller with an increasing number of produced hadrons because of the destructive interference of oppositely signed signals for the pairs produced at different ranks. Nevertheless, the results for the "analyzing power" of theG ⊥ 1 (z) modulations of the number density F , depicted in Fig. 4(c) , show that only in the large-z region is there a significant signal that can be possibly measured.
The plots in Fig. 5 are analogous to those in Fig. 4 , except that here an additional cut is placed upon the mini-mum values of z for each member of the pair, z 1,2 ≥ 0.1. Such cuts are common in experimental settings, and for example in SIDIS are mainly aimed at separating the current and target fragmentation regions. Thus it is important to evaluate the impact on our results. The plots show the expected suppression of the unpolarized DiFF with respect to the previous case, as the hadrons with increasing rank on average carry decreasing values of light-cone momentum z, thus the high-ranked hadrons are often excluded from the pairs due to the cut criterion. On the other hand, the impact on the helicity dependent DiFF is less significant, since the bulk of the effect is generated by the first two produced hadrons. This results in a slight increase of the analyzing power in the mid-z range, making it less peaked towards large z.
Next, we plot the results for all possible types of pion pairs in Fig. 6 for N L = 6, both without and with the z cut. It is interesting to see, that π + π + pairs have an opposite sign and similar magnitude to the π + π − case. Here, in the same-signed pairs we assign the hadron with the larger z as the first member of the pair. Without such a choice for z-ordering, all the results for the same-signed pairs vanish, as expected from the symmetry considerations.
The SIDIS cross section for two hadron production contains all the cosine moments of G we present the first five moments for π + π − and N L = 6, extracted from the polarized number density in a analogous manner to the first moment. Here only the results with cuts z 1,2 ≥ 0.1 are presented.
IV. MC VALIDATION
In this section we validate our MC simulations in two ways. First, we use combinatorial arguments to calculate the total number of all π + π − pairs for a given N L and compare these calculations to the results from MC simulations. Second, we derive explicit integral relations for the z dependence of the DiFFs for the case N L = 2, and compare them with the MC results.
A. Unpolarized DiFFs -Total number of dihadron pairs
It is useful to calculate the number of the dihadron pairs of a given type (π + π − , π 0 π 0 , etc) for a fixed number of produced hadrons, where we integrate over all variables. Here we will limit ourselves to consider only pions produced by the u, d quarks. Let us look at the initial u quark producing N L pions, and at each step the total probability of producing a charged pion has an isospin factor of 1, while the neutral pion has a isospin factor of 1 2 . In the quark-jet framework, the total probability of producing a hadron at each step is 1, then the probability of producing a charged pion is It is important to note that, because of flavor conservation, the first produced charged pion should be a π + , and each subsequent charged pion should have an alternate charge. Neutral pions can be produced at any stage without such limitations. First, we count the number of different cases when producing n 0 neutral pions, where 0 ≤ n 0 ≤ N L . Let us start with one of the possible scenarios for n 0 produced hadrons
The number of all possible permutations of this set is N L !. Thus number will be over-counting the cases with all permutations of just π 0 s, which is n 0 !. Also, for a given n 0 , there is only a single ordering of the charged pion possible, as a permutation of any two same charged hadrons would yield an identical set, while a permutation of opposite signed hadrons would yield an invalid set that violates flavor conservation. Thus, we should also divide the total number of sets by all possible permutations of the charged pions, that is (N L − n 0 )!. Then, the number of such combinations is
and the probability of producing any such combination is
Just a quick verification of our formula can be obtained by calculating the total probability of producing N L hadrons (all possible combinations) in N L steps, given by
as expected. The number of various ππ pairs in each combination is
where the U (n), D(n) functions round up and down to the nearest integer. Finally, the mean number of producing a π + π − pair after N L emissions is It is also clear that this number is simply the integral over z of the unpolarized DiFF extracted from MC simulations with N L produced hadrons.
The results of the calculations both using Eq. (41) and Eq. (42) for a range of values of N L are presented in Table I . We see very good agreement between the two methods, given the discretization errors of the MC simulations. The last row in Table I represents the results of MC simulations with cuts on minimum value of z for each hadron in the pair, z ≥ z min = 0.1.
B. Two-step process and validation
Here we aim to validate our MC results for both unpolarized and helicity dependent DiFFs by deriving explicit integral relations when an initial u quark produces only a single π + π − pair. We used a similar approach in sections IIC and IVA of [20] to derive similar expressions for the unpolarized and unfavored Collins function for a u → π − fragmentation for the case of two-hadron emission. We briefly review the kinematics setup here, and a more detailed description can be found in Ref. [20] .
In the quark-jet framework, the fragmenting quark q (the initial u quark), emits a hadron h 1 (a π + in our calculations), leaving a remnant quark q 1 (a d quark) carrying light-cone momentum fraction η 1 and transverse momentum component p 1⊥ , where the transverse direction is defined with respect to the three-momentum vector of q. The initial and remnant quark's spin 3-vectors are denoted as s q = (0, s L ) and s q1 = (s T1 , s L1 ). In the second hadronization step, the quark q 1 emits a hadron h 2 (a π − ) with light-cone momentum fraction η 2 and transverse momentum p 2⊥ with respect to the 3-momentum direction of q 1 . We can then easily calculate the momentum of h 2 in the initial frame using the Lorentz transformation in Eq. (5).The number density for the process of u → π + π − is simply the product of the corresponding number densities for each of these two steps
where the elementary probability densities can be expressed in terms of the elementary TMD SFŝ
The remnant quark's polarization is determined using the quark spin density matrix formalism, which for an initial longitudinally polarized quark reads
and
⊥ are the TMD elementary SFs. A quark model calculation of all the eight quark-to-quark and the two quark-to-hadron TMD SFs has been done in Ref. [20] using the spectator approach. Note, that only s T1 contributes to F (2) q→h1h2 , as can be seen from Eq. (45).
The momenta of h 1 and h 2 are obtained using the momentum conservations and the Lorentz transformations similar to that in Eq. (5) to calculate the transverse momenta of h 2 in the initial quark's system
The final results for the z-dependence of the unpolarized and helicity dependent DiFFs are × dp 2 1⊥ dp 2 2⊥
It is important to note, that the above results are obtained only using the quark-jet formalism and the spin transfer mechanism, and do not depend on the underlying quark models used to calculate the particular forms of the SFs. The plots in Fig. 8 depict the results for the unpolarized DiFF (a) and the helicity dependent DiFF (b), calculated both using the MC method (plotted with red points) and the explicit integral relations in Eqs. (50,51) (plotted with black lines) for N L = 2. We observe excellent agreement between the two methods, both for the unpolarized and the helicity dependent DiFFs, validating our calculations.
It is also worth examining the structure of Eq. (51), which elucidates the microscopic mechanism for generating the helicity dependent DiFFs in the quark-jet framework. Here the "worm-gear" type elementary splitting function G T for the first quark-to-quark process, describing the correlation of the transverse polarization of the remnant quark with the longitudinal polarization of the fragmenting quark, is convoluted with the elementary Collins function H ⊥ for the second hadron emission. The latter describes the correlation of the emitted hadron's transverse momentum with the quark's transverse polarization. Thus, even in the case of longitudinal polarization, the Collins effect in the single hadron emission process, together with the momentum recoil mechanism of the quark-jet framework, is responsible for generating two-hadron correlations with the initial longitudinal polarization. This is a fascinating result, as naively the Collins effect is associated with the correlations involving transverse polarization. Finally, we have to note that it is possible for a helicity dependent two hadron correlation to be generated by the so-called interference mechanism of the hadron pair produced in different channels (let us say as decay products of resonances emitted by the quark), as detailed in Ref. [4] . Nevertheless, such calculations are beyond the scope of this work.
V. CONCLUSIONS
Spin-dependent correlations in two-hadron fragmentation functions provide a wealth of information about the hadronization process. Moreover, they provide an additional method for exploring the momentum and spin structure of the nucleon via two-hadron SIDIS measurements. Nonetheless, these DiFFs are still not very well known. This is especially true for the helicity dependent DiFF G ⊥ 1 , as the most recent efforts to measure the asymmetries involving this function in back-to-back two hadron production in e + e − annihilation produced no significant signal.
In this work we have described the helicity dependent two-hadron correlations in hadronization of a longitudinally polarized quark using the quark-jet hadronization framework. We derived the method for extracting the G ⊥ 1 function from the number density of hadron pairs produced by a polarized quark in Sec. III A. Then, we used the NJL model input quark TMD splitting functions to perform MC simulations of the linearly polarized quark and calculated the corresponding number densities in Sec III B. The results showed nonzero, but small signal for the helicity dependent DiFF, as depicted in Figs. 4(b) and 5(b). The corresponding analyzing power is small and sharply peaked towards large values of z, and the cuts in z often used in experimental setup only moderately enhance the signal in the medium-z region. For comparison, the analyzing powers of pion Collins fragmentation functions, computed within the same model and plotted in Fig. 8(c) of Ref. [20] , raise quickly and plateaux starting in the small-z region at a value with equal or greater magnitude to the maximum of the analyzing power for the helicity dependent DiFF. These can help to explain the nonobservation of the signal in the existing experimental measurements [13, 14] . We also explored all the different pion pairs, showing that pairs of positively charged pions have a similar magnitude and opposite sign to the G ⊥ 1 results expected for π + π − pairs, making them good candidates for future studies.
Thus far, we discussed the first Fourier cosine moment of G ⊥ 1 entering into e + e − annihilation cross section, defined in Eq. (16) . The COMPASS Collaboration [15] has measured the SIDIS two hadron production asymmetries A
, which contain several of the cosine moments of G ⊥ 1 . The results of our calculations of the first five of these moments for π + π − pairs for N L = 6, depicted in Fig. 7 , showed a significant decrease in the size of the signal with the increase of the moment n. These results supported the nonobservation of significant asymmetries in COMPASS measurements.
Finally, we validated our MC method in Sec. IV. Here we first derived expressions for the integrals of D 1 (z) over z for different values of N L , using combinatoric arguments. We showed, that these analytic results match extremely well with those obtained using the MC method. Further, we derived explicit relations for both D 1 (z) and G ⊥ 1 (z) for the case of only two hadron production. Again, we found a perfect match to the results obtained using MC simulations. These steps validate our method completely. Moreover, there are two important insights obtained in that section. First, the results in Table I indicate quite rapid convergence of the results with a z-cut, as also seen seen from plots in Fig. 5 for the z-unintegrated case. Second, Eq. (51) provides an interesting insight into the microscopic mechanism for creating such twohadron correlations with the longitudinal polarization of the fragmenting quark. Here the "worm-gear" type splitting function G T creates a correlation between the transverse spin of the intermediate quark in the hadronization process, which in turn is correlated with the transverse momentum of the second emitted hadron via Collins effect. Thus, it is safe to note, that the Collins effect has a crucial role also in creating this asymmetry.
Future work includes analogous studies of the DiFFs responsible for the two-hadron momentum correlations with the transverse spin of the quark. We performed a detailed study of the dependence of the unpolarized DiFF on both z and M 2 h within the quark-jet model in Ref. [16] , where the inclusion of the vector mesons and their strong decays proved crucial to describe the invariant mass spectrum. We also studied what are the relevant contributions of the "primary" emitted pions and koans versus those produced by the vector meson decays to the unpolarized DiFF. The recent experimental and MC studies of the unpolarized DiFFs by BELLE Collaboration in Ref. [28] strongly support these findings. The correlations between the z and M 2 h dependencies were also explored, and it has been shown that different z regions emphasize the contributions of the different resonances in M 2 h spectrum. The main motivation for exploring the M 2 h dependence is to find the signatures of the interference effects between the two hadrons produced in the decays of the resonances, that would generate the polarization-dependent DiFFs. In our work we showed that the interference effects involving just the single hadron production (Collins effect) generates the helicity-dependent DiFF. In this work, we omitted the vector mesons altogether, as the first step in describing the polarized DiFFs within the self-consistent description of the polarized quark hadronization. Thus, we chose not to discuss the M 2 h dependence knowing the obvious lack of the resonant structures there. We leave such detailed analysis to future work, when we consider the vector meson production and their strong decays. Finally, we very roughly mimicked the effects of QCD evolution on DiFFs in this work by using he (1 − z) 4 ansatz for the input TMD splitting functions. In future work with a more complete model, we will use QCD evolution for critical comparisons of our results with the experiment.
